SUGGESTED SOLUTIONS TO HOMEWORK 1

Solution 1. (1) The solution is
u(t,z) =sinzcost +t(x + 1) + (1 — cost) cosx.
(2) The solution is
u(t,z) = 2> +t* + tsiny.
(3) The solution is
u(t,z) = 2 +y* — 222 + t + t2xyz.

Solution 2. (1) The solution is

3nt . 3mr =41+ (=D knt | krx
u(t,x) = cos —sin—— + ,;,1 i sin ——sin ——.
(2) The solution is
8h o= (—1)k (2k+ )7t . (2k+ 1)7a
t = — .
Wb =32 B e T g

k=0

Solution 3. (1) Fix a point (t9, zg) € T, integrate the inequality over Ty := {(t, z) :
xo—to <x—t,x+t<z+to,t >0}, then

02y — O%udxdt < 0.
To

By Green’s formula,

0Fu — O2udxdt :/ —Oyudr — Oyudt

To 9To

zo+to
=— / Opu(0, x)dx + 2u(to, xo) — u(0, 20 + to) — u(0,x9 — o),

o—to

therefore

Ou(0,z)dz + [ Ofu— 2udzdt.

o—to To

U(t07x0) = 92

Since d;u(0,z) < 0 and 92u — O2u < 0, we have

(0,29 + to) + u(0, 20 — to) N /Io+to

t < .
u(to, zo) < Jnax u

(2) The solution is
1
u(t,x) = — sinmx sin wt.
™

Then

however,

ax, u(0,2) = 0.
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Solution 4. (1) By direct computation,

d%it) = Opu - OFu + Vu - 0;Vu + f(u)dsudz
RTL

= Opu(0fu — Au + f(u))dx
R"L
:O,
which implies E(t) is constant for all ¢ > 0.
(2) By direct computation,
de(t)

— :/ Ot - 6‘t2u + Vu-0;Vu+ f(u)dpudx
dt B(Ig,t()*t)

1
—/ L 10ul? + [Vul?) + F(u)ds,
OB(z0,to—t) 2

ou 1
= — 0 — =(|0yul® + |Vul|?) — F(u)dS,
L s 500l + V)~ Fla)

1
=- / ~|ndu — Vu|? + F(u)dS,
(K)B(CE()}tU*t) 2

(3) Since F' > 0, by (2), we have
de(t)
dt
which implies that e(t) is nonincreasing. Moreover, since u(0,z) = dyu(0,z) = 0
for all + € B(zo,ty), we have e¢(0) = 0. Hence e(t) = 0 for all ¢ > 0, then
O =Vu =0 forall {(t,z):0 <t <ty |r— x| <to—t} and therefore u = 0 for
all {(t,z) : 0 <t <tp,|x—xo| <to—t}.

<0,



